We prove the existence of a quantum isometry groups for new classes of metric spaces: (i) geodesic metrics for compact connected Riemannian manifolds (possibly with boundary) and (ii) metric spaces admitting a uniformly distributed probability measure. In the former case it also follows from recent results of the second author that the quantum isometry group is classical, i.e. the commutative C * algebra of continuous functions on the Riemannian isometry group.
Introduction
Having originated in the mathematical physics literature [11, 20, 13, 29] , quantum groups now constitute a rich and actively-developed field. While the original impetus was mainly algebraic in nature, further developments have given the topic a functional-analytic flavor through the work of Woronowicz [31] , Podles [28] , Vaes-Kustermans [21] and many more (too numerous to do justice here).
Actions of quantum groups are typically cast as actions of coactions of certain Hopf algebras on algebraic or geometric structures, in the style of Manin's study [25] of quantum symmetries for quadratic graded algebras. In the framework introduced in [31] the types of structures whose quantum symmetries one is led to consider abound: finite (quantum) graphs, finite non-commutative measure spaces (i.e. finite-dimensional C * -algebras equipped with distinguished states, finite metric spaces, etc.). We refer the reader to [1, 5, 30, 2] for some (of the numerous) examples.
In the same spirit, the second author introduced in [16] the concept of quantum automorphism group of a spectral triple, the latter being an incarnation of a Riemannian or spin manifold in Connes' framework for non-commutative geometry [9] . The topic has provided a rich supply of problems and examples, as reflected by further work on it [4, 23] .
In the present paper we are concerned with quantum symmetries of classical structures, specifically compact metric spaces. One phenomenon that has emerged from recent work in the field is that certain "sufficiently regular" classical structures are quantum-rigid, in the sense that a compact quantum group acting faithfully in a structure-preserving manner is automatically classical, i.e. a plain compact group. The recent [14] confirms a conjecture to that effect by the second author:
Theorem 0.1 (3.10 of [14] ) A compact quantum group acting faithfully and smoothly on a closed connected smooth manifold is classical.
This keeps with the spirit of similar rigidity results in slightly varying settings:
(1) An analogue under the additional assumption that the action preserves the Laplacian of a Riemannian metric [18] .
(2) A semisimple and cosemisimple Hopf algebra (hence also finite-dimensional) coacting faithfully on a commutative domain must be commutative [12] .
(3) An isometric faithful action of a compact quantum group on the geodesic metric space of a negatively-curved connected closed Riemannian manifold is classical [8] .
This last result is placed in the context of isometric actions as introduced in [17] and will be generalized in some of our main results below (Theorems 3.4 and 3.18):
Theorem 0.2 A compact quantum group acting isometrically on the geodesic metric space of a compact connected Riemannian manifold is classical.
On a somewhat different note, a phenomenon that has received some attention in the literature is the problem of whether or not a given piece of structure even has a quantum automorphism group: a "largest" or universal quantum group acting in a structure-preserving manner.
The issue was first illustrated in [30, Theorem 6 .1]: although a finite classical space X admits a quantum automorphism group that automatically preserves the uniform measure on X, in general a finite-dimensional C * -algebra A does not admit such a universal action. The problem is that every compact quantum group acting on A will automatically preserve a state on A, but there is no "canonical" state preserved by all such actions.
For essentially the same reason, it is unclear whether, for a given compact metric space (X, d), there is a universal compact quantum group acting isometrically on X in the sense of [17, Definition 3.1] . Contrast this with classical group actions: the isometry group of a compact metric space is compact, and hence is universal among classical compact groups acting isometrically.
As in the case of finite-dimensional algebras touched on above, it is not difficult to show that having fixed a probability measure µ on X, there is a universal compact quantum group QAU T (X, d, µ) among those that act on X so as to preserve both d and µ. As before, it is unclear in general how to select a "best" measure µ preserved by every quantum action in order to construct a universal quantum isometry group QAU T (X, d). The choice, however, is obvious when the metric space (X, d) admits a uniformly distributed measure (see Definition 3.19): one which assigns equal mass to balls of equal radii.
It is well known that uniformly distributed probability measures are unique when they exist. In that case we have (see Theorem 3.21):
Theorem 0.3 Let (X, d) be a compact metric space admitting a uniformly distributed probability measure µ. Then, every compact quantum group acting isometrically on (X, d) leaves µ invariant.
Coupling this with the previous remarks on the existence of QAU T (X, d, µ), it follows that all such metric spaces (X, d) have quantum isometry groups. These need not be classical, in general: perhaps the "simplest" example is the quantum symmetric group S + n introduced in [30, §3] : it can be recast as QAU T (X, d) where
and d is the uniform distance:
The paper is organized as follows. Section 1 recalls some background needed later, on the various topics we touch on (compact quantum groups, their actions, Riemannian geometry, etc.).
In Section 2 we prove some preliminary results on smooth actions, building on some of the material from [18, 14] .
Finally, Section 3 contains the main results of the paper. Theorem 3.4 proves that faithful isometric quantum actions on connected closed Riemannian manifolds are classical and Theorem 3.18 extends this to compact connected manifolds with boundary. In the course of unwinding the argument we prove other results that might be of some independent interest:
• Recall that a homeomorphism of a topological manifold automatically preserves its boundary. We prove in Proposition 3.6 that similarly, a quantum isometric action on a compact connected manifold leaves the boundary invariant.
• We also prove in Corollary 3.13 that (once more, as expected from the classical situation) if a quantum isometric action as above is faithful and all connected components of the compact manifold acted upon have non-empty boundary then the restriction of the action to the boundary is again faithful.
• In Proposition 3.17 we extend a quantum action α on a compact manifold with boundary to the double M ∪ ∂M M of the manifold in the sense of [22, Example 9.32] and show that the doubled action retains some of the relevant properties of α.
Finally, in §3.3 we prove that compact metric spaces which admit uniformly distributed probability measures have quantum isometry groups.
Preliminaries

Notational conventions
We write B(H) for the algebra of bounded operators on a Hilbert space H and B 0 (H) for the ideal of compact operators. Sp, Sp denote the linear span and respectively the closed linear span of elements of a vector space (closed in whatever topology is relevant to the discussion).
Several flavors of tensor products appear below:
• ⊗ is the minimal tensor product between C * -algebras.
• ⊗ stands for the tensor product of Hilbert spaces and modules.
• ⊗ alg is the algebraic tensor product between vector spaces, non-topological algebras, etc.
• T ⊗ S denotes the tensor product of maps S and T in all of the above-mentioned cases.
We denote by C(X) or C ∞ (X) the spaces of continuous and smooth complex-valued functions on X respectively and add an 'R' to indicate real-valued functions, as in C ∞ (X, R).
Compact quantum groups and their actions
We need some basic material on compact quantum groups and their actions on non-commutative spaces, as covered, say, in [24, 31, 32] . The present section serves to recall some of this material.
A compact quantum group (CQG for short) is a unital C * algebra Q equipped with a C * -algebra morphism ∆, coassociative in the sense that
are both norm-dense. This suffices to ensure the existence of a unique dense Hopf * -subalgebra Q 0 ⊆ Q, equipped with a counit ε : Q 0 → C and an antipode κ : Q 0 → Q 0 .
For every compact quantum group Q the convolution multiplication
of states ϕ and ψ makes the state space S(Q) (or Prob(Q)) of Q into a semigroup (or monoid if Q has a bounded counit). A compact quantum group Q has a unique Haar state h characterized by the fact that it "absorbs" every other state under convolution:
A compact quantum group is reduced if its Haar state is faithful. Every compact quantum group Q has a reduced version Q r defined as the image of the GNS representation of the Haar state. The comultiplication of Q descends through the quotient Q r , making the latter into a CQG again. Definition 1.1 A unital * -homomorphism α : C → C ⊗ Q, where C is a unital C * -algebra and Q is a CQG, is said to be an action of Q on C if
commutes (co-associativity) and
generates Q as a C * -algebra.
An action α as in Definition 1.1 induces a right action of the semigroup S(Q) introduced above on the state space S(C) of C, denoted by ⊳ and defined by
An action α of Q on C induces an action α r by the reduced version Q r of Q:
where π Q : Q → Q r is the canonical surjection. The original action α is faithful if and only if α r is. For every action α there is a dense * -subalgebra C 0 ⊆ C on which α restricts to a purely algebraic coaction of the Hopf algebra Q 0 ⊆ Q: faithfully on a Hilbert space such that
for all a ∈ C It is not difficult to see that if α is implemented by a unitary representation U then it is one-to-one (or injective). We can say even more: U induces a unitary representation
of Q r , where π Q : Q → Q r is reduction surjection. It is then easy to check that U r implements the reduced counterpart α r of α, and hence α r is injective.
The converse holds if C is separable: if a reduced action α is injective then it is implemented by a unitary representation U of Q. To see this, consider a faithful state ϕ ∈ S(C) and consider the action
Since α is assumed injective and h is faithful (because Q is reduced), ϕ is faithful. It is moreover invariant under α in the sense that ϕ ⊳ ψ = ϕ for all states ψ ∈ S(Q). It follows from this that the map
extends to a unitary representation of Q on the GNS space L 2 (C, ϕ) of ϕ which as desired, implements α. When C is classical, i.e. C(X) for a compact Hausdorff space X, the invariant state ϕ is a probability measure µ on X and hence α is induced by a unitary representation of Q on the Hilbert space L 2 (X, µ).
Isometric actions
Let (X, d) be a compact metric space and Q a compact quantum group acting faithfully on X.
We always assume Q has a bounded antipode whenever referring to isometric actions. This is mostly harmless in our circumstances: according to [19, Theorem 3.16 ] compact quantum groups acting faithfully are automatically of Kac type in the sense that their antipodes are involutive (κ 2 = id) on the unique dense Hopf subalgebra of Q. κ then descends to a bounded multiplicationreversing * -automorphism of the reduced counterpart Q r of Q and we can always pass to the reduced version α r of the action α.
We follow [17, Definition 3.1 and Lemma 3.2] in defining the notion of an isometric action of a compact quantum group Q on X: Definition 1.3 Let (X, d) be a compact metric space and write d x for the function d(x, −) and
for all x, y ∈ X, where κ is the antipode of Q.
Note that if α is isometric then so is α r , and moreover by [7, Proposition 3.10] α r : C → C ⊗ Q is one-to-one. We will make crucial use of this below.
Riemannian geometry
This will be very brief, as good reference sources abound (the reader can consult [10, 6] for instance), though references are much richer for manifolds without boundary. All of our manifolds are assumed compact and smooth unless specified otherwise.
Given a (compact, smooth) Riemannian manifold M we typically denote by d its geodesic distance. There is a positive δ > 0 such that all functions
are smooth on balls in the interior of M of radius ≤ δ. Indeed, we can simply choose δ sufficiently small to allow for normal coordinates in every such ball, where we recall (e.g. [6, p.145] ) that a coordinate system on an open neighborhood U of x ∈ M is normal if the exponential map exp :
can then be identified, in δ-small neighborhoods around x, with the squared Euclidean distance; clearly, the latter is smooth.
In order to "cut off" large problematic distances where d 2 might fail to be smooth we will often work with
for a smooth "bump" function ψ : R → R equal to the identity on, say, − 
We use this in the proof of Theorem 3.4 below.
When working with Riemannian manifolds M with boundary ∂M = ∅ we take it for granted that the Riemannian structure can be extended to a closed (i.e. compact, boundary-less) manifold N ⊃ M . Such an extension result follows, for instance, from [27, Theorem A].
Smooth actions revisited
In the present section we work with closed manifolds only, i.e. the assumption ∂M = ∅ is in place throughout.
We refer to [18] for a detailed discussion on the natural Fréchet topology of C ∞ (M ) as well as the space of B-valued smooth functions C ∞ (M, B) for any Banach space B. Indeed, by the nuclearity of C ∞ (M ) as a locally convex space, C ∞ (M, B) is the unique topological tensor product of C ∞ (M ) and B in the category of locally convex spaces. This allows us to define T ⊗id from C ∞ (M, B) for any Fréchet continuous linear map T from C ∞ (M ) to C ∞ (M ) (or, more generally, to some other locally convex space). We also recall from [18] the space Ω 1 (M ) ≡ Ω 1 (C ∞ (M )) of smooth one-forms and the space Ω 1 (M, B) of smooth B-valued one-forms, as well as the natural extension of the differential map d to a Fréchet continuous map from
The notion of smooth action given below follows [18] ; we supplement it here with a weaker notion, as follows.
α is smooth if it is weakly smooth and
in the Fréchet topology.
Remark 2.2
In case Q = C(G) where G is a compact group acting on M , say by α g : x → gx, the smoothness of the induced action α given by α(f )(x, g) = f (gx) on C(M ) in the sense of the above definition is equivalent to the smoothness of the map M ∋ x → gx for each g. Moreover, in this case smoothness and weak smoothness are equivalent.
It is proved in [15, Corollary 3.3] that for any smooth action α, the corresponding reduced action α r is injective and hence it is implemented by some unitary representation.
The line of arguments in [28] can be adapted to prove that there is a norm-dense unital * -subalgebra C 0 consisting of smooth functions on which α is algebraic. Indeed, it follows from the fact that the spectral projection P π corresponding to any irreducible unitary representation π leaves C ∞ (M ) invariant and P π (C ∞ (M )) is clearly norm-dense in P π (C(M )) as P π is a norm-bounded linear operator.
We now prove an analogue of the main result of Subsection 3.1 of [14] Theorem 2.3 Let α be a weakly smooth action of a CQG Q on a compact Riemannian manifold M such that the corresponding reduced action α r is injective. Then α preserves some Riemannian metric on M .
Proof If we carefully examine steps of Theorem 3.6 of [14] it becomes clear that we only need the unitary U which implements the action and the fact that α(C ∞ (M )) ⊆ C ∞ (M ). Adapting those arguments, we can conclude that dα(f )α(g) = α(g)dα(f ) for all f, g ∈ C 0 . However, C 0 is only norm-dense. using that, we get the above identity for all g ∈ C(M ) and all f ∈ C 0 . Now, we fix g ∈ C ∞ (M ) and use the Leibniz rule (and the commutativity of α(f ) with α(g)) which
, hence the argument of Theorem 3.6 of [14] applies and completes the proof of the present theorem.
We now want to prove the commutativity among higher order partial derivatives. This involves a lift to the cotangent bundle which we can do by following the arguments of [14, Lemma 3.10] verbatim. However, in order to be able to apply Theorem 2.3 to the lift, we must ensure that the corresponding reduced action for the lift is injective. This is equivalent to proving the existence of a faithful positive Borel measure on the sphere bundle of the cotangent space which is preserved by the lifted action. We do this in a few steps.
The proof requires some notation. We will write S for the unit sphere bundle of the cotangent bundle on M :
The typical element of T * M will be denoted by (x, ω), where ω ∈ T * x M is a cotangent vector. As in [14, §3.3] , for a local chart U on M with coordinates x 1 , · · · , x n we define functions
where ω 1 , · · · , ω n is a fixed set of 1-forms on M orthonormal at every point in U and −, − x is the inner product on T * x M induced by the Riemannian metric (note the slight abuse of notation: t U j depends on the choice of ω j ). We also define functions T U j ∈ C ∞ (S, Q) as follows: having extended α to an action dα on the C ∞ (M )-module of 1-forms as in [18, §3.2] (where that extension is denoted dα (1) ) and denoting by −, − x the Q-valued inner product on the Hilbert Q-module T * x M ⊗ Q, we set
As in [14, §3.3], we construct an action β of Q on S given by
However, in our case, β is only a C * -action, weakly smooth in the sense that
Note that we have used the continuity of α in the Fréchet topology, which follows from weak smoothness by the closed graph theorem.
Lemma 2.4 Assume the hypotheses of Theorem 2.3. For any point x ∈ M and local coordinates (x 1 , . . . , x n ) around x, the algebra generated by α(f )(x),
Proof Let µ be a faithful Borel measure preserved by α. Let µ 0 denote the unique O(n) invariant faithful Borel measure (Lebesgue measure) of S n−1 and we have a canonical positive, faithful Borel measure on S which is given by the product measure µ × µ 0 on any local trivialization. We call this measure ν and claim that it is preserved by β.
Choose and fix any locally trivializing neighborhood U and also a function of the form F (e) = f (π(e))P t U j (e), j = 1, . . . , n where P is some polynomial and f has a compact support within U . Let χ be a smooth function with support in U such that χ = 1 on the support of f . Now, fix another trivializing neighborhood V . Note that the integral
where G m is the restriction of G ∈ C(S, Q) to the fibre at m which is homeomorphic to S n−1 . In particular,
Following [18, (3) ], Q ′ m ⊆ Q will denote the unital * -subalgebra generated by
for f ∈ C ∞ (M ) and smooth vector fields X on M . We then claim that
for any character γ on Q ′ m . Now, it can be proved along the lines of Lemma 3.11 of [18] that either γ(α(χ)(m)) is zero or we have j (T U j (e)) 2 = 1 ∀e ∈ π −1 (m). In case γ(α(χ)(m)) = 0, the equality (3) is immediate.
Otherwise, we observe that e ≡ (t U 1 , . . . , t U n ) → (γ(T U 1 (e)), γ(T U n (e))) gives an isometric map of the fibre π −1 ({m}) ∼ = S n−1 , hence it must be a given by some orthogonal (linear) map restricted to the sphere. As µ 0 is invariant under any such orthogonal transformation, we have (3) . From this, we get the same relation without γ, i.e. for all m ∈ V,
j (e), j = 1, . . . , n)dµ 0 does not depend on m and is equal to C = π −1 (m) ψ(y)dµ 0 (y), where ψ : π −1 (m) → R given by ψ( y ≡ (y 1 , . . . , y n )) = P (y i , i = 1, . . . , n).
Thus, the lifted action β on S remains weakly smooth and β r is injective. We can now follow the iterative arguments of [14] to complete the proof of higher order commutativity.
The proof of the main theorem of [14] now goes through verbatim to give is the following: Theorem 2.5 Let α be a weakly smooth faithful action of a CQG Q on a compact connected smooth manifold M which preserves some faithful positive Borel measure on M . Then Q must be classical, i.e. isomorphic with C(G) for a compact group G acting smoothly on M .
Proof Note that in the proof of Theorem 5.3 of [18] , the isometry condition, i.e. commutation with the Laplacian, was used only to get commutativity of all order partial derivatives of the action. However, we have already proved this commutativity in Lemma 2.4. This allows the proof of Theorem 5.3 of [18] to be carried through more or less verbatim. Let us sketch it briefly.
Given the smooth action α of Q on M , we choose a Riemannian metric by Corollary 2.3 which is preserved by the action. This implies the commutativity of Q x . Using this, we can proceed along the lines of [18] to lift the given action to O(M ). Now, by Lemma 2.4, we do have the commutativity of partial derivatives of all orders for the lifted action Φ needed in steps (i) and (iv) of the proof of Theorem 5.3 of [18] and the rest of the arguments of Theorem 5.3 of [18] will go through.
3 Quantum isometry groups: existence and rigidity
Closed manifolds
Let M be a smooth compact Riemannian manifold without boundary and d its geodesic distance, as before. If α is an isometric CQG action on (M, d) then it automatically preserves all functions of the form
for continuous ψ : R → R. In particular, it will preserve the function D(−, −) defined by (2) . We write D x , x ∈ M for the function D(x, −). Lemma 3.3 below will implicitly make use of the following observation.
Lemma 3.1 Let M be a compact smooth n-dimensional manifold without boundary and A ⊆ C ∞ (M, R) a subalgebra, norm-dense in C(M, R), with the property that dim{df | x , f ∈ A} = n for all points x. Then, A is Fréchet-dense.
Proof We denote by A ⊆ C ∞ (M, R) the Fréchet closure of A and seek to show that the inclusion is an equality.
For each x ∈ M some n-tuple
has non-zero Jacobian around x and hence implements is a local C ∞ coordinate system around x. It follows that every smooth function can be approximated arbitrarily well in the Fréchet topology, locally at x, by polynomials in the f i .
x ∈ M was arbitrary in the above discussion, which thus applies to prove that every f ∈ C ∞ is locally Fréchet-approximable by A. The density assumption on A shows that for every inclusion Now fix f ∈ C ∞ (M, R). We have functions g i ∈ A approximating f locally on open patches U i , 1 ≤ i ≤ k. We can use bump functions ϕ i subordinate to the open cover {U i } i of M to Fréchet-approximate 1 ∈ C ∞ (M, R) arbitrarily well, and then i ϕ i g i will be Fréchet-close to f .
Remark 3.2
The purely local condition on the differentials of f ∈ A would not have sufficed in Lemma 3.1: consider for instance the algebra A of even smooth functions on the standard sphere S n ('even' in the sense that f (x) = f (−x)). It satisfies the local condition but not the global density requirement in the statement of Lemma 3.1.
Lemma 3.3 For a compact connected Riemannian manifold M without boundary the algebra generated by {D
Proof We will apply Lemma 3.1. Since an appeal to Stone-Weierstrass quickly shows that the algebra in question is norm-dense, only the local condition needs verification. That is, if C is the linear span of functions of the form D x , x ∈ M , we have to show that for any point y ∈ M the space {df | y , f ∈ C} is n-dimensional (where n = dim M ). We thus focus on proving this full-dimension claim.
Suppose there is some y for which dim{df | y , f ∈ C} < n.
Then there is some unit tangent vector v ∈ T y M for which (df y , v) = 0 for all f = D x . Now consider the arc-length-parametrized geodesic starting at y with velocity v and let x be a point on it, sufficiently close to y to ensure that some normal coordinate neighborhood [6, p.145] U of x contains y and that
If exp : T y M → M is the exponential map, we now have
whose derivative at t = 0 clearly does not vanish. This gives the desired contradiction and finishes the proof. Proof We denote by D a function ψ • d 2 as in (2), for a bump function ψ : R → R equal to id around 0 ∈ R and vanishing outside a sufficiently small neighborhood of 0. We know from [7, Proposition 3.10] that every reduced isometric action is injective, so Theorem 2.3 applies. It is thus enough to prove that any CQG isometric action α on C(M ) is weakly smooth.
To see this, recall from Definition 1.3 that the isometric property of the action reads
Fixing x, we now examine the function
It is the composition between the smooth function
(see Remark 1.4) and the C * -algebra morphism
and hence is itself smooth. By Lemma 3.3, we can find finitely many
) is a smooth embedding of M as a submanifold in R k . Moreover, writing ξ i = D x i (·), we have the coordinate functions ξ i and any smooth function f on M can be written as f =f (ξ 1 , . . . , ξ k ) for some functionf of k real variables with compact support in some open neighborhood of M .
All in all, we obtain α(f ) =f (α(ξ 1 ), . . . , α(ξ k ))
Since we have just argued that α(ξ i ) ∈ C(M, Q) are smooth, so is α(f ), finishing the proof.
Manifolds with boundary
As the title suggests, we will now extend the quantum rigidity result in Theorem 3.4 to the case when ∂M = ∅. To that end, throughout the present subsection M denotes a compact Riemannian manifold with boundary Consider an action of a compact quantum group Q on M , with C = C(M ):
For the actions we are interested in (isometric with respect to the geodesic distance of a Riemannian structure), it will be crucial to know that they preserve the boundary of M in the following sense Definition 3.5 Let X ⊆ M be an inclusion of compact Hausdorff spaces and (4) an action of a compact quantum group on C = C(M ). We say that α preserves X if we have a factorization
where
is restriction.
Assuming such a factorization does exist, the lower right hand arrow β will automatically be an action. We thus begin the discussion with precisely such a result (for reduced actions, which suffices for our purposes). Proof We have to argue that if x ∈ ∂M then the entire α-orbit of x is contained in the boundary. To see this we assume otherwise and derive a contradiction.
Suppose y ∈
• M = M \ ∂M is a point in the orbit of x and ϕ is a state on Q with x ⊳ ϕ = y.
We also denote by x ′ ∈
• M a point placed a small distance r away from x, connected to the latter by a geodesic arc γ orthogonal to the boundary at x. The probability measure x ′ ⊳ ϕ is supported on the sphere S(y, r) of radius r around y = x ⊳ ϕ (e.g. by [7, Theorem 3 .1]), and we may assume r > 0 is small enough that that sphere is entirely within the interior of M . Let
and denote by y ′′ ∈ S(y, r) the antipode opposite y ′ , so that
Now denote ϕ = ϕ • κ. It follows from (6) and [8, Proposition 3 .1] that
(and note that we also have y ⊳ ϕ = x, by [8, Corollary 3.2] ). All in all, ϕ maps
• y ′ ∈ S(y, r) to a measure whose support contains x ′ and is contained in S(x, r).
• y ′′ ∈ S(y, r) to a measure supported on the same sphere S(x, r), by (7).
The last equality in (7) and [7, Theorem 3 .1] also show that there is a probability measure on
whose pushforwards through the two projections are y ′ ⊳ ϕ and y ′′ ⊳ ϕ. (8) now implies that there is some
with d(x ′ , x ′′ ) = 2r. This, however, contradicts the choice of x ′ : since the geodesic arc γ connecting x and x ′ has length r and is orthogonal to ∂M at x, the antipode of S(x, r) ⊂ N opposite x ′ (for an extension N ⊃ M as in §1.4) is not contained in M .
Denote
and similarly for '≥', '>', etc. For r ≤ s set
The following result is now an immediate consequence of Proposition 3.6.
Corollary 3.7
Under the hypotheses of Proposition 3.6 the action α preserves the sets ∂ r M , ∂ ≥r M , etc. and ∂ s←r M for all real numbers 0 ≤ r ≤ s.
This ensures that for each r ≥ 0 we have an action β as in (5) for X = ∂ r M . We will be interested in the following choices of r. Definition 3.8 Let M be a compact Riemannian manifold with boundary. A positive real r is tame if it is sufficiently small so that ∂ r M is contained in a collar neighborhood of ∂M with a system of coordinates adapted to the boundary: x n is distance from ∂M and x i , 1 ≤ i ≤ n − 1 are coordinates on the boundary extended as constant along geodesic arcs orthogonal to ∂M .
If we knew that the resulting action β is faithful we could conclude that the quantum group Q is classical by a slight adaptation of Theorem 3.4. Though this is not quite the strategy we adopt for generalizing Theorem 3.4 to Theorem 3.18 below, we nevertheless prove that β is faithful for whatever independent interest that result might hold and also because the requisite techniques will be useful later.
According to Definition 1.1 an action α is faithful if Q is generated as a C * -algebra by the subalgebras
Note that this differs from the algebra denoted by Q x in [14] ; indeed, in the present paper the latter algebra would be denoted by Q ′ x instead. We need the following notion. Definition 3.9 Consider an action α as in (4) and x, y ∈ M two points. We say that y is α-attached to x (or just attached when the action is understood) if for every state ϕ on S the measure y ⊳ ϕ is uniquely determined by x ⊳ ϕ.
The concept is relevant to faithfulness due to the following result proved in passing in the course of the proof of [8, Proposition 4.4] . Proposition 3.10 Let (M, d) be a compact metric space, α an isometric action of a compact quantum group Q on M and x, y ∈ M . If y is α-attached to x then Q y ⊆ Q x .
Going back to the situation at hand, consider the action β on X = ∂ r M resulting from α as in (5) . For x ∈ ∂ r M the subalgebra Q β x defined as in (10) coincides with Q α x . On the other hand, Proposition 3.10 shows that Q α y is contained in Q α x whenever y is attached to x. Since we know (from the faithfulness of α) that Q α y , y ∈ M generate Q, we will have shown that β is indeed faithful provided we prove Proposition 3.11 Let M , α, etc. be as above, with the additional assumption that every component of M has non-empty boundary. For sufficiently small r > 0 every point in M is α-attached to some x ∈ ∂ r M .
We will prove this in a few stages. First, we have Lemma 3.12 Let 0 < r. There is some ε > 0, depending only on the Riemannian manifold M , with the following property:
For every s > r with s − r ≤ ε and x ∈ ∂ s←r M the set
is a singleton.
Proof Choose 0 < ε < r smaller than the injectivity radius of M at every point
The very definition of ∂ s←r M says that the set in question is non-empty, so we have to prove that the set (11) cannot contain distinct points y = y ′ . Indeed, two such points would entail the existence of two distinct geodesic arcs
of length s − r. They cannot both prolong a geodesic arc η of length r connecting x to ∂M , so one of the concatenations
is not a geodesic. But both curves have length r + s − r = s, meaning that one of the two points y, y ′ ∈ ∂ s M can be connected to ∂M by a curve of length < s. This contradiction finishes the proof. Now let r > 0. According to Lemma 3.12, for every s > r sufficiently close to r there is a well-defined map ψ s←r : ∂ s←r M → ∂ s M with the property
Furthermore, uniqueness implies transitivity:
Proof of Proposition 3.11 Of course, it suffices to argue that points y in the interior • M are attached to points on the boundary.
Let ℓ = d(y, ∂M ) and γ a shortest geodesic, parametrized by arclength, connecting some point γ(0) = x ∈ ∂M to γ(ℓ) = y (the existence of such a geodesic requires our assumption that all connected components have boundary). Note that we have
Now let ϕ be a state on Q and r > 0 tame for M in the sense of Definition 3.8. As in the proof of Proposition 3.6, we can conclude from [7, Theorem 3.1] that for every ℓ ≥ s > r the measures
are the marginals of a probability measure on M × M supported on
It follows that γ(r) ⊳ ϕ is in fact supported on ∂ s←r M . For s sufficiently close to r the uniqueness (Lemma 3.12), for every point in ∂ s←r M , of a point in ∂ s M that is s − r away from it then implies that we have γ(s) ⊳ ϕ = (ψ s←r ) * (γ(r) ⊳ ϕ).
We can now repeat the procedure with s in place of r and s ′ ∈ (s, ℓ]. Lemma 3.12 ensures that we can choose the differences s ′ − s to be bounded below by some ε > 0 and hence eventually exhaust the interval [r, ℓ]. All in all, the conclusion will be that
But this says that the image of y = γ(ℓ) through ⊳ϕ depends only on the image of x through ϕ; since the state ϕ on Q was arbitrary, this finishes the proof that y is attached to γ(r) ∈ ∂ r M .
As a consequence of Proposition 3.11 we have Corollary 3.13 Let α be an isometric faithful action of a compact quantum group Q on a compact Riemannian manifold M , all of whose connected components have non-empty boundary. Then, the actions induced by α on any of the sets ∂ r M for sufficiently small r > 0 are faithful.
Proof This follows from Propositions 3.10 and 3.11, which show jointly that every slice Q y , x ∈ M is contained in some other slice Q x , x ∈ ∂ r M . Since Q y , y ∈ M generate Q, so do the subalgebras Q x ⊆ Q, x ∈ ∂ r M , finishing the proof.
We also record the following consequence of the proof of Proposition 3.11:
Corollary 3.14 If r ≥ 0 is sufficiently small and s ≥ r then the map
is equivariant for the actions of Q on ∂ s←r M and ∂ s M from Corollary 3.7.
Proof This follows from (12) .
Next, we address the smoothness issue for isometric quantum actions on Riemannian manifolds with boundary. This will require some preparation. First, note that the boundary-less case was taken care of in the course of proving Theorem 3.4, so we focus on the case when ∂M = ∅.
Consider a collar neighborhood U = ∂ <r M of ∂M in M (see (9) for the notation) with its adapted coordinate system (x 1 , · · · , x n ) in the sense of Definition 3.8, x n denoting distance from ∂M . Let ψ : [0, r) → R be a continuous (typically smooth) function. We call a function on U ψ-separable if it is of the form
Corollary 3.14 implies that if f ∈ C(M ) is ψ-separable on U for some continuous ψ then α(f ) ∈ C(M, Q) is again ψ-separable.
Proof of Proposition 3.15 We know from Corollary 3.7 that all of the sets described in (9) (and the analogues ∂ ≥r M , etc.) are preserved by α. Now fix a small r > 0. The functions
are easily seen to satisfy the conclusion of Lemma 3.3 by a simple adaptation of the proof of that result, so we can conclude as in the proof of Theorem 3.4 that the restriction of α to the invariant submanifold ∂ ≥r M is weakly smooth.
On the other hand, we noted above that if f ∈ C(∂ ≤2r M ) is ψ-separable then so is α(f ). Choosing ψ smooth, we conclude that α maps smooth functions f : M → R that are separable on ∂ ≤2r M to functions M → Q with the same properties. Since real-valued functions on M with said two properties generate a Fréchet-dense subalgebra of C ∞ (M ), the conclusion follows. Now let X i , i = 1, 2 be compact Hausdorff spaces equipped with actions
by a quantum group Q and
embeddings of compact spaces. We write X := X 1 ∪ Z X 2 for the resulting space obtained by gluing X i along Z via the embeddings ι i (though by a slight abuse of notation said embeddings are absent from the notation).
Setting Y := X 1 ⊔ X 2 , we have a product action
Now assume furthermore that α i preserve the subspaces
in the sense of Definition 3.5. This means that for any f ∈ C(X i ), the restriction of
to ι i (Z) ⊆ X i depends only on the restriction of f to the same subspace. In particular, if f i ∈ C(X i ) have equal restrictions to Z via ι i then similarly,
have equal restrictions to Z. But this simply means that with β defined as in (13),
Since this holds for arbitrary (f 1 , f 2 ) ∈ C(X) we have Lemma 3.16 If actions α i of Q on compact spaces X i preserve a common subspace Z of the two spaces we obtain a natural action α of Q on the connected sum
If at least one of the actions α i is faithful then so is α and if (α i ) r are injective then so is α r .
Proof The proof of the existence of α is essentially contained in the discussion preceding the statement. For the faithfulness claim, note that for points x i ∈ X i we have
Since we are assuming these algebras generate Q as x i ranges over X i for at least one of the indices i = 1, 2, the slice algebras Q α x do indeed generate Q as x ∈ X = X 1 ∪ Z X 2 . Finally, suppose (α i ) r are injective. Since every non-zero function f ∈ C(X) restricts to a non-zero function on at least one X i and both X i are preserved by α r which induces back the actions
we have α r (f ) = 0, as desired.
We will apply the discussion above to the case when X 1 = M = X 2 is a smooth manifold with boundary and
are both equal to the inclusion, so that X = X 1 ∪ Z X 2 is the double D(M ) of M (e.g. [22, Example 9.32] ). D(M ) is a topological boundary-less manifold which can be given a smooth structure compatible with that of (the two copies of) M [22, Theorem 9.29].
The proof of the latter theorem makes it clear that the smooth structure on D(M ) depends on a choice of collar neighborhoods of ∂M in the two copies of M . For our purposes, we select (on both copies of M ) a neighborhood adapted to the boundary in the sense of Definition 3.8: one coordinate measures Riemannian distance from the boundary whereas the others are chosen arbitrarily on the boundary and kept constant along geodesics orthogonal to it.
Whenever we refer to D(M ) as a smooth manifold we always assume the smooth structure is constructed as described above. Doubling a manifold without boundary simply produces two disjoint copies of it, so that D(M ) also contains two copies of each boundary-less component of M . Starting with the action α on M , we write α 2 ("doubled α") for the action on D(M ) induced as in Lemma 3.16.
Proposition 3.17 Let α be an isometric action of Q on a Riemannian manifold M with boundary. The doubled action
is weakly smooth and α 2 r is injective.
Proof The second part (injectivity) follows from the last statement in Lemma 3.16, so it remains to prove weak smoothness. As above, fix a collar neighborhood U = ∂ <r M of ∂M with the adapted coordinate system (x 1 , · · · , x n ) that we used in the construction of the smooth structure on D(M ) (x n denoting distance from ∂M ).
We extend the notion of ψ-separability to functions on
and ψ : (−r, r) → R. It follows from the definition of α 2 that for every smooth ψ : (−r, r) → R smooth functions on D(M ) that are ψ-separable on V are sent by α 2 to smooth functions D(M ) → Q that are ψ-separable on V . The weak smoothness of α 2 now follows from the Fréchet density of
As a consequence, we have the following generalization of Theorem 3.4.
Theorem 3.18 Let M be a compact connected Riemannian manifold, possibly with boundary. Then, every faithful compact quantum group action on M isometric with respect to the geodesic distance d is classical.
Proof Let α be an action by the compact quantum group Q as in the statement and α 2 its doubled version. Since M is connected, D(M ) is a connected closed manifold. By Proposition 3.17 α 2 meets the requirements of Theorem 2.3 and hence α 2 preserves some Riemannian metric on D(M ). But then Q must be classical by Theorem 3.4, finishing the proof.
Uniformly distributed measures
Another situation when quantum isometry groups exist automatically (though they may not be classical, in general) occurs when the metric space is equipped with a probability measure as in the title of the present subsection. We first recall that concept (see e.g. [26, Definition 3.3] ).
Definition 3.19 A measure on a metric space X is uniformly distributed (or UD for short) if µ(B(x, r)) = µ(B(y, r)), ∀x, y ∈ X, ∀r ∈ R ≥0 .
In other words, the measure assigns equal mass to balls of equal radius, regardless of center.
Uniformly distributed measures on compact metric spaces are unique up to scaling when they exist [26, Theorem 3.4] , and hence UD probability measures are unique (or non-existent).
Now let µ be a UD probability measure on (X, d) and consider a CQG action
on X that is isometric in the sense of [17, Definition 3.1]. The following auxiliary observation will be used later.
Lemma 3.20 Let µ be a UD probability measure on the compact metric space (X, d) and ν any probability measure. Then, for every r ∈ R ≥0 we have This finishes the proof.
Theorem 3.21 A uniformly distributed measure µ on a compact metric space (X, d) is automatically invariant under any isometric CQG action.
Proof We have to show that for every state ϕ on C(G) and UD probability measure µ (X, d) we have µ ⊳ ϕ = µ.
According to [7, equation (13) ] we have a x;B(y,r) = κ(a y;B(x,r) )
for all pairs of points x, y ∈ X and radii r ∈ R ≥0 . By the very definition of the action ⊳ of the state semigroup Prob(G) on Prob(X), we have (µ ⊳ ϕ)(B(y, r)) = X ϕ(a x;B(y,r) ) dµ(x), i.e. the integral of the left hand side of (14) against µ(x). Using (14) , this is also X (ev y ⊳ ϕ • κ)(B(x, r)) dµ(x).
Applying Lemma 3.20 with ν = ev y ⊳ ϕ • κ we conclude that this equals µ r . In conclusion, (µ ⊳ ϕ)(B(y, r)) = µ r = µ(B(y, r)), ∀y ∈ X.
This finishes the proof.
The reason why this has a bearing on the existence of QISO(X, d) is encapsulated by the following result.
Theorem 3.22 Let (X, d) be a compact metric space and µ a Borel probability measure with full support. Then, there is a universal compact quantum group QISO(X, d, µ) acting on (X, d) isometrically and preserving µ.
Proof Let Q be a compact quantum group acting isometrically via α : C(X) → C(X) ⊗ Q on (X, d) and preserving µ.
Q then acts on the Hilbert space L 2 (X, µ) and this action commutes with the integral convolution operator
K is compact and self-adjoint, and hence its eigenspaces V λ := ker(K − λ) for non-zero eigenvalues λ are finite-dimensional and their closed span coincides with the closure of the range of K. Applying K to bump functions ψ localized near points y ∈ X we can approximate d y := d(y, −) ≃ Kψ arbitrarily well, so the * -algebra A ⊂ C(X) generated by V λ , λ = 0 is dense. Now consider the lattice L of subspaces of C(X) generated by the V λ , λ = 0 C1 and closed under the following operations
• taking products: if V i ∈ L for 1 ≤ i ≤ t then
• taking adjoints:
V ∈ L ⇒ V * ∈ L.
• taking orthogonal complements with respect to the inner product induced by µ: if V ⊆ W both belong to L then so does W ⊖ V := V ⊥ ∩ W.
The minimal (non-zero) elements of L are then finite-dimensional subspaces preserved by the action, whose direct sum is precisely the * -subalgebra A ⊂ C(X). Furthermore, these spaces constitute an orthogonal filtration V i , i ∈ I for C(X) with respect to the state µ on it in the sense of [3, Definition 2.1]. It follows from [3, Theorem 2.7] that the is a universal compact quantum group QISO(C(X), µ, (V i ) i∈I )
acting on X in a filtration-preserving manner, and from [7, Theorem 4.4] that the latter has a largest compact quantum subgroup Q u acting isometrically. The argument above shows that the action of Q on X factors through that of Q u , i.e. that the latter has the defining universality property of QISO(X, d, µ).
In particular, we have Corollary 3.23 A compact metric space (X, d) admitting a uniformly distributed probability measure admits a quantum isometry group QISO(X, d).
Proof Immediate from Theorems 3.21 and 3.22.
For instance:
Corollary 3.24 Let G be a compact group and X a homogeneous G-space equipped with a Ginvariant metric d. Then, there is a universal quantum group QISO(X, d) of isometries of (X, d).
Proof This is a consequence of Theorem 3.21, since (X, d) admits a UD probability measure: simply select any probability measure on X and average it with respect to the Haar measure of G.
